Transverse wakefield effects in the high-gradient accelerating structure of the Two-Beam Accelerator (TBA) [1] [2] [3] are analyzed theoretically using three different models. The first is a very simple two-particle model due to Wilson [4]; the second, due to Chao, Richter, and Yao 
Introduction
When a point charge travels off axis in a linac structure, it generates a wake with transverse components that can deflect subsequent particles. This effect has been studied extensively for the Stanford Linear Collider (SLC).
In this paper we extend some of these results for application to the Two-Beam Accelerator (TBA) [1] [2] [3] .
In Section 2 we first describe a rather simple two-particle model studied by Wilson [4] . Second, we discuss a model studied by Chao, Richter, and Yao [5] in which a beam with uniform charge distribution, zero energy spread, and constant wavelength is subjected to a linearly varying wake. In sects. 3 and 4 we describe a model that proves useful for checking the first two, as well as for studying in more detail the effect of parameter variations, the effect of variation of wakefield shape, and the use of different charge distributions. The beam is represented by several superparticles, and a numerical solution of the equations is carried out on a computer. With this model, we can map the region of parameter space that is acceptable from the point of view of transverse wake effects. Finally, we give possible sets of parameters for the TBA.
Analytic formulas

The two-particle model
The simplest model of all is a two-particle model in which the first particle drives the second. Using this model, Wilson [3] obtains RNeLw t = 4E k ' o B (1 ) where x(L) is the amplitude of the transverse oscillations at longitudinal position L for an initial displacement X o of the driving bunch, N is the number of electrons in a bunch, Eo is the energy of the bunch (assumed to be constant in this model), k B = 2~/~B' where~B is the betatron wavelength (also assumed constant), and w t is the wake caused by the first particle at the position of the second. If the bunch has a spread of energies across it of magnitude c, then
Landau damping occurs, hence Wilson shows that R = ( 2) This equation predicts that energy spread can be significant in reducing R:
if & = 0.05 and k B is the same as before, we find the increase to be only 4.8; i.e., 2.1 times less than before.
The CRY model
The model of Chao. Richter. and Yao [5] . which we will refer to as the CRY model, assumes a flat beam charge distribution. a linearly increasing wake behind a particle, and a constant betatron wavelength. If the beam is unaccelerated, i.e., of constant energy Eo and with Yo = E o /mc 2 , they define a quantity r LNW (1 )2
where £ is the full length of a bunch. z is the distance measured forward from the center of the bunch. r o = e 2 /mc 2 , and the wakefield function W(z)
is of the form (4) where W o is a constant. This function increases linearly. The wakefield function W(z) gives the force, eW(z), on a particle a distance z behind another of unit charge displaced by a unit amount. They next show for 111/ » 1 that R (5) For the SLC. Wo = 5.9 X 10 5 m-3 and r o = . x m; a lng Yo = x (25 GeV), we find (6) Taking z = £/(2 13), i.e., one 0z' we have 11 = 49.1, and hence R = 14.
If the beam is accelerated. then
For the SLC, Yi = 2.4 x 10 3 (1.2 GeV) and Yf = lOS (50 GeV), so that " = 14&.95 (t -f)2 .
(9)
Taking z = £/(213), we have n = 91.4, and hence R = 5.8. Presumably, this is a better estimate than that given by the constant energy model, which is 14, or by the two-particle model, which gives 10. In any event, considering the approximations used here, these models can be considered to be in substantial agreement.
In recent work by Balakin and Smirnov [6] , which extends the two-particle model, including energy spread, it is shown that for Landau damping to be most effective, the tail particle should have less energy than the head particle.
Extending these ideas, Bane [7] shows that the Landau damping can exactly caneel the transverse wakefield force on the tail particle, provided a specific energy difference is maintained.
3. Numerical modeling of wakefields and focusing
Transverse wakefields
Transverse wakefields have been calculated for the SLC structure [4] .
The w~gnitude of these fields is obtained by summing all harmonics. Fig. 1 shows the portion of the resulting wakefield function that is of interest in the present discussion. We want to scale this wakefield function to values appropriate to the TBA structures. To do this for a given rf frequency wand event time T, we must read the wakefield amplitude w from the graph at a time
It is convenient to treat the change in amplitude as a variable that is a function of both frequency and aperture and which will be denoted by S : 
Betatron wavelength
The strength of the wakefields is proportional to the displacement of the exciting particle from the axis. This leads to the requirement that quadrupole focusing needs to be strong in order to minimize betatron amplitudes.
An estimate of achievable betatron wavelengths for a linac of 1 TeV is given in fig. 2 . The curve labeled FA = 35 requires quadrupoles of maximum strength 600 Tim; that labeled FA = 20. about 1000 Tim. The former would have a 4 mm aperture. the latter a 2 mm aperture. A transport system is assumed, using quadrupoles with permanent magnets similar to a design proposed by Halbach [8] . To date such magnets have been made only with apertures on the order of a centimeter in diameter, but the design appears to be suitable for smaller apertures. A practical limiting factor in the focusing strength is the proportion of the linac length devoted to quadrupoles; here it is taken as 10%. It may be possible to have the focusing quadrupoles around the high-gradient structure (a dual use of space), thus saving accelerator length.
Calculations and results
Differential equation for calculation of wakefield effects
The bunch is represented by 11 superparticles with a Gaussian charge distribution extending from -20 to 20. The fraction of charge assigned to each z z particle is given in table 2. The symbol F i represents the forces acting on the i th particle from particles downstream. It is assumed that particles are traveling close to the speed of light, so that wakefields from particles upstream of the i th particle will not be able to influence it. The strength of the wakefield M ij acting on the jth particle depends upon x j ' the displacement of the jth particle, as well as its charge. 
The plus sign results in increasing energy from head to tail, the minus sign in decreasing energy from head to tail. We will use both in our calculations to determine which will be best for Landau damping.
where A Bi is the betatron wavelength at the i th particle, the focusing term can be written as
Collecting terms and rearranging, eq. (15) becomes
which is the differential equation that will be used to solve for xi and x!~dx./dz as a function of z.
, ,
Computer calculation of wakefield effects
At the start of a calculation, all 11 superparticles (SP) are displaced by the same amount x o ' As the calculation proceeds, each SP will undergo betatron oscillations while contributing to the wakefields in proportion to its displacement at that instant. see table 2 ). A more balanced picture is shown in fig. 3b , which
gives plots of displacement weighted by the charge fraction qi of each SP.
Two plots are shown for positions one-half betatron wavelength apart. Note that the maximum weighted displacement occurs for SP 8 and that the wakefield forces in this case cause the tail particles to oscillate out of phase.
In order to get some idea as to the importance of the form of the charge distribution used, calculations were performed using two radically different distributions: (1) the Gaussian distribution of table 2 and (2) the flat distribution. The results are plotted in fig. 4 . The most striking thing about these plots is that although the tail particles show greater weighted displacement, as expected, the phases are the same for each distribution.
The plots are made for the same distance along the accelerator.
To compare the wakefield effect for different accelerator parameters, the quantity R was calculated as a function of position along the accelerator, and
Ixmaxl was taken as the absolute maximum displacement of SP 1 through 8 from the axis. Particles 9-11 in the tail of the bunch were excluded, because in a Gaussian distribution the amount of charge they represent is small.
For comparison with the estimates of sect. 2, the program was used to calculate R for the SLC parameters (table 1) it is still substantial. Bane [7] has carried out extensive computer studies
for the SLC case and shows that with "fine tuning ll of the energy spread, the relative displacement R can be reduced by a much larger factor.
We wanted to get some idea of the general behavior to expect from Landau damping in a TBA of 1 TeV. As a first step, calculations were done using the two energy spread functions c i + and c i _. If the predictions of refs. [6] and [7] are correct. we expect that c;_ will be much more effective in producing damping. This indeed turned out to be the case. as can be seen in fig. 5 .
Both runs were made with the same wakefield function scaled for TBA1, the 28
GHz case. with c = 0.2. The calculation done with ci+ shows a uniform growth in R, reaching a maximum at 1000 GeV. The ci_ calculation shows strong Landau damping. Note that the intensity here was chosen to be 6 times larger than for the ci+ case; this choice is responsible for the initial steep uniform growth in R to a value of about 55 before the damping sets in around 70 GeV. At that energy a very strong and sudden decrease in R occurs, and R remains below 5 from 200 to 1000 GeV. The allowable increase of intensity with increasing energy spread was examined for the TBAl parameters. In these calculations the maximum allowable value for R was taken as 20 at energies above 500 GeV. The result is that with £. less than about 5%, intensity N is limited to about 10 10 parti- 
Variation of R with injection energy is not clearly evident when strong
Landau damping is present. However, if we look at runs without such damping, with a £i+ energy spread, then as injection energy is varied X varies roughly proportional to y~/2. This is in substantial agreement with eq. (8). Thus 1 a relatively low injection energy would seem to be a good choice, other factors being equal.
The effect of varying focusing strength is shown in fig. 7 . The corresponding betatron wavelengths that were used are shown in fig. 2 . Clearly, strength of focusing is an important parameter. In this calculation the curve labeled FA = 20 requires quadrupoles with strengths on the order of 1000 Tim. fig. 9 . The most striking feature of these functions is that the detailed shape of their curves varies greatly, but they all have the same value W= 10.5 in the vicinity of SP 2 and 3. The displacements R converge to R = 20 at 1000 GeV and are remarkably similar at lower energies. In particular, although the wakefields associated with functions (a) and (c) are widely different except in the region of SP 2-4, the R values lie so close together that they can be represented by the same curve, except for a small difference near 300 GeV.
A conclusion that can be drawn from this exercise is that the detailed shape of the wakefield function is not particularly important. What is important, however, is establishing the strength of wakefields near the head of the bunch.
To summarize some of the results, we present parameters in table 3 of two TBA cases worthy of future study. The frequencies chosen are 28 and 17 GHz; the corresponding scaled wakefield functions are given in fig. 9 as (a) and (b). To achieve the intensities shown in table 3, some means will need to be found to reduce R in the region below 300 GeV. This may be made possible by "fine tuning" the energy spread and the accelerating phase.
13 Appendix: Note on comparison of CRY formula with computer calculations
As an insight into the predictive potential of the CRY formula (eq. 8),
we undertook to make a comparison of the quantity R with computer calculations of R at 1000 GeV. Injection energy was taken as 2 GeV, energy spread as £ = 0, and accelerating gradient as 0.5 GeV/m. The constant W is proporo tional to Sc; for Sc = 1, W was taken as 2.95 x 10
7 . There remain a number of discrepancies between the two calculations:
1) CRY uses a flat charge distribution; the computer calculation uses a Gaussian.
2) CRY uses a linearly increasing Wfunction; the computer calculation uses a scaled SLC function w l .
3) CRY uses a constant~B; the computer calculation uses a curve close to F~= 35, shown in fig. 2 .
Note, however, that there are no free parameters in either the CRY formula or in the computer runs. Results are plotted in fig. 10 , showing R as a function of Sc. Considering the discrepancies in the input parameters mentioned above, the agreement is remarkable. Noteworthy is the fact that the two curves have the same slope. The slope is very steep, suggesting that as Sc (which is proportional to intensity) is increased, the onset of beam blowup is sudden. Table 3 Parameters for two TBAs This leads to the conclusion that the strength of the wakefields near the head of the bunch is the most important feature determining particle behavior. 0 r --------, . --------, -----_ . . ---------, --~~o 
